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Introduction
Recently, the development of the theory of fiber reinforced polymer (FRP) composite materials has been further motivated from strengthening and repairing various engineering structures. The cases of V-notches of bonded dissimilar materials are frequently encountered in engineering applications. In such cases, there exists strong stress concentration near the sharp notch and interface end. In particular, the peak stress at the notch tip is singular according to the theory of elasticity and depends on the geometrical configuration and material properties of the notch. Fatigue failure of the structures usually occurs starting from a notch tip.
For a V-notch of homogeneous elastic body with opening angle a, as shown in Fig. 1 , the singular stress field near the V-notch tip can be expressed as a series expansion with respect to the radial coordinate in the following form [1] [2] [3] [4] [5] [6] : where the exponent k is called stress singularity order,r ij ðhÞ are the associated eigenfunctions, A is the coefficient of the asymptopic expansion (called the generalized stress intensity factor). To study the singularity of the isotropic elastic Vnotch, Williams [1] established the characteristic equation by using the Airy stress function method, as follows:
where b =2p À a. It can be seen that the exponent k depends on the opening angle a. The smallest real position roots k generally satisfy k 2 (À1, 0) in the case a < p.
The two key aspects of solving a V-notch problem in linear elasticity are to determine stress singularities and then find the associated amplitudes of the stress field that usually denoted as the generalized stress intensity factors of the V-notch tip. In a general case of V-notch, the exponent k may be real or complex.
Various methods have been proposed to treat V-notch problems. Gross et al. [7, 8] and Carpenter [9] obtained the generalized stress intensity factors for plane V-notch problems by a boundary collocation method. Boundary element method was also used to solve the displacement and stress fields of plane V-notch problems [10, 11] . In the last decade, significant more work has been done to study V-notch problems because of an increased use of coatings and composite structures. Using Eq.
(2) as a starting point, the sub-region accelerated Müller method [12] was utilized to compute the eigenvalues of the stress field near V-notch tips. The algebraic equation system in terms of unknown parameters in the analytical expression of the stress field was derived by the sub-region mixed energy principle, by which the stress amplitudes were also calculated. Jian et al. [13] evaluated the stress exponents of V-notches made of bonded bimaterial, using a complex potential theory and Newton's iteration method. The stress amplitudes were then obtained in conjunction with the use of hybrid finite element. Gadi et al. [14] derived the analytical formulations of thermally induced logarithmic stress singularities in a composite wedge composed of incompressible materials. Through using the state space method for a plane notch formed from several bonded anisotropic materials, Li et al. [15] established a governing eigenequation according to the elasticity theory, which can provide the stress singularity orders of the V-notches by means of an iteration technique for roots finding. By applying the Lekhnitskii formalism and Stroh formalism [16] , Ting [17] studied the solutions of the stress fields of general anisotropic elastic materials and composites, in which the explicit expressions of the stress functions of some cases were presented as the form of a sextic equation. With the same way, the study of stress singularities at the tip of a V-notch that consists of an arbitrary number of dissimilar anisotropic elastic wedges was given by Ting [18] . After then, Hwu et al. [19] deduced an explicit closed-form eigenequation for determining the singular order near the anisotropic elastic composite wedge apex. Since the singular orders k appear in the eigenequation as some nonlinear forms, an iteration technique should be needed to search the solutions of the singular orders from the associated determinant of the eigenequation for general V-notch problems. With the solutions of stress singularities, Labossiere and Dunn [20] and Hwu and Kuo [21] computed the stress intensity factors through the near tip displacement and stress fields from the conventional finite element analysis as well as the calculation of the path-independent H-integral [22] . Chue and Liu [23] , Wigger and Becker [24] obtained the eigenequations of the plane anisotropic wedges by using Lekhnitskii's complex function method, which were used to calculate the stress singularity orders. Sue et al. [25] used complex potential function and eigenfunction expansion method to determine the stress singularity order of a magnetoelectroelastic bonded antiplane wedge.
The above mentioned research works are difficult to find the associated eigenfunctionsr ij ðhÞ related to multiple singularity orders of the V-notches. It is naturally considered that the conventional finite element method and boundary element method can model the singular stress field by increasing the mesh density in the notch tip region. Unfortunately, the improvement on the accuracy of the approaches is very limited in comparison with increasing a large amount of the computation time. Recently, a special finite element method was used to deal with some V-notch problems based on the assumption of asymptotic expansion of the stress field near V-notch tips. For the V-notch and line crack shown in Fig. 1 , Seweryn [26] taken two or three leading terms of the asymptotic expansion in Eq. (1) as the analytical constrains of stress field in the notch tip region. Then the analytical elements are applied in order to model the stress field in the core region around the singular tip. The remaining area of the structure can be modeled using the conventional finite elements. The approach can provide two or three singular exponents and stress amplitudes. It should be noted that the way need to know the analytical constrains liker ij ðhÞ in Eq. (1) before evaluating the singular exponent and stress field around the notch tip. Three leading terms of the analytical constrains were found only in the case of homogeneous isotropic crack [2] . However, the analytical constrains are difficult to be found prior to the evaluation of the stress singularity order of general V-notch problems of bonded dissimilar multi-material. Hence some approximate constrain functionsr ij ðhÞ are proposed to support the way. According to the idea, Carpinteri et al. [27] calculated the first leading singular exponent and mode I stress amplitude for the multi-layered beam with a crack or re-entrant corner symmetrically meeting a bimaterial interface with the finite element method. Chen and Sze [3] proposed a new eigenanalysis method with hybrid finite element and the assumption of asymptotic expansion to determine the stress exponents and stress amplitudes of bonded bimaterial V-notches.
The aim of this paper is to study the stress singularities of plane V-notch problems of bonded dissimilar materials. The governing equations of linear elasticity are transformed to eigenvalue problems of ordinary differential equations (ODEs) based on the assumption that the stress fields are asymptotic near the V-notch tips. The first author [28] established the interpolating matrix method to solve two-point boundary value problems of ODEs. The method is further developed in the present work to analyze eigenvalue problems of ODEs. As an application, the stress singularity orders and the associated eigenvectors are obtained by applying the interpolating matrix method to the ODEs of V-notches.
The eigenvalue problems of ODEs for plane V-notches in linear elasticity
Firstly, let us consider a V-notch of isotropic material with opening angle 2p À h 1 À h 2 as shown in Fig. 2 . Define a polar coordinate system (q, h), taking the notch tip as origin. In the linearly elastic analysis, it has been verified that the displacement field in the notch tip region can be expressed as a series expansion with respect to the radial coordinate q originating from the notch tip [4] . One typical term of the series can be written in the following form: 
where E is Young's modulus and m, Poisson's ratio. Notice that the eigenpairs in Eq. (3) depend on the configurations (wedge angles), material properties and boundary conditions of the V-notches, which are not influenced by any load. Thus the body forces are neglected and then the equilibrium equations are
Substituting Eq. (5) into Eq. (6) gives
Assume that all the tractions on the two edges, C 1 and C 2 , near the notch tip are zero. 
Considering that the appearance of k 2 in Eq. (7) leads to nonlinear eigenanalysis if Eq. (7) is directly solved, an alternative approach is adopted in this paper to transfer the equation into a linear eigenvalue problem. To this end, two new field variables are introduced as follows:
Thus, Eq. (10), Eq. (7) can been rewritten as
By following the above procedure, the evaluation of the singularity orders near a V-notch tip is transformed to solving a linear eigenvalue problem of the ODEs governed by Eqs. (10) and (11) subjected to the boundary condition of Eq. (9). In the solutions the associated eigenfunctionsũ q andũ h can also be obtained and can be used to determine the stresses in the vicinity of the notch tip.
Evaluation of the stress singularities of V-notches of bonded dissimilar materials
Consider a V-notch problem of bonded bimaterial, as seen in Fig. 3 . The body consists of two subdomains of different materials. E 1 and m 1 are, respectively, Young's modulus and Poisson's ratio of subdomain X 1 , and E 2 and m 2 are ones of subdomain X 2 . From the above derivation, it is obvious that Eqs. (10) and (11) are valid for each subdomain for analyzing the stress singularity orders near the interface tip of the dissimilar materials. Thus, the respective governing equations in the two subdomains are written as 
Substitution of Eq. (5) into Eq. (17) gives
Similar to Eq. (9), applying the traction-free boundary conditions on C 1 and C 3 yields
Thus, the evaluation of the singularity orders k near the V-notch tip of bonded bimaterial has been transformed into solving ODEs Eqs. (12)- (15) subjected to boundary conditions Eqs. (16), (18)- (20).
Evaluation of the stress singularities of V-notches of orthotropic materials
Consider a plane V-notch problem of orthotropic material, as seen in Fig. 4 . Two principal axes of the orthotropic material are denoted Axes 1 and 2, respectively. h 0 is the angle between Axis 1 and x-direction of the Cartesian coordinate system oxy. oqh is a polar coordinate system where the notch tip is the pole. E 11 and E 22 are the elastic moduli of the orthotropic material in 1-direction and 2-direction, respectively, G 12 is the shear modulus, and m 12 is Poisson's ratio.
In the same way, the displacement field, Eq. (3), in the notch tip region is also acceptable for the plane V-notch problem of orthotropic material.
In the polar coordinate system oqh, the strain-stress relationships can be written as rr hh r qh 8 > < > : 
For the plane stress problem, there are
Substitution of Eq. (4) into Eq. (21) yields the stress components as
According to the same derivations as Section 2, by substituting Eq. (24) into the equilibrium equations Eq. (6) and introducing the two field variables g q (h) and g h (h), one can obtain the ODE of the plane V-notch problems of orthotropic material as follows:
If the traction-free surfaces on C 1 and C 2 are assumed, introduction of Eq. (24) into Eq. (8) results in the boundary conditions related to the ODE Eq. (25) as follows:
If the V-notch is fixed surface on C 1 or C 2 , the boundary condition can easily be expressed as
Hence, the evaluation of the singularity orders k and the associated eigenfunctionsũ q andũ h near the V-notch tip of orthotropic material has been also transformed into solving ODEs Eq. (25) subjected to boundary conditions Eq. (26). Furthermore, for the solutions of plane V-notch problems of bonded dissimilar multi-material, including the orthotropic materials and anisotropic materials, the same deduction process as shown above can be implemented to compute eigensolutions of the associated ODEs, by which the stress singularity near the V-notch is then determined. This process will produce a set of ODEs that are similar to Eqs. (14)- (16), (18), (20) , (25) and (26) .
In order to find the solution of the ODEs derived above, in what follows, a numerical method is presented to solve the eigenvalue problems of the ODEs.
Interpolating matrix method for solving eigenvalue problems of ODEs
With the development of modern computer techniques, numerical methods have been proposed to solve two-point boundary value problems (BVPs) of ODEs. At present, the most commonly used methods for solving ODEs are the finite difference, shooting and collocation methods. On the basis of the above algorithms, several general-purpose computer routines have been designed as solvers of the BVPs of ODEs. These solvers include PASVA, BOUNDS, SUPORT [29] and COLSYS [30] . The first author [28] established a numerical method by the name of interpolating matrix method to solve BVPs of ODEs, by which the highest derivative appearing in the ODEs is chosen as the unknown parameter of the discrete ODE system. In general, most of the existing methods, including the above mentioned ones, have their own merits and are complementary, depending on the nature of the problems to be solved. However, most of the above solvers deal with two-point BVPs only. To solve the V-notch problems, an efficient method to deal with eigenvalue problems of ODEs is apparently needed. In the present paper, the interpolating matrix method is further developed to solve the above mentioned eigenvalue problems.
Let us consider a set of general linear ODEs, as shown below: (28) can be multi-point boundary conditions. Notice that when f i (x) and c l are identically zero, Eqs. (27) and (28) form an eigenvalue problem of the ODEs, where k is the associated eigen-parameter.
The
be the length of the ith subinterval. Applying Eq. (27) at each of the divisions
where (29) gives the following algebraic equations:
where A ik and A kik are (n +1)Â m k matrices; B ik and B kik are (n +1)Â (n + 1) matrices. They are, respectively
Without loss of generality, consider that the n lkj in Eq. (28) take the interval divisions at x I l ð0 6 I l 6 nÞ within [a, b] . In the case of the so-called two-point BVPs, I l take 0 and n where n lkj have the values of a and b. Introducing Eq. (38) into Eq. (28) and letting c l = 0 yield the following eigenvalue problem:
where ðP kj Þ I l and D I l denote the I l th row of matrices P kj and D, respectively. Introducing the following notations into Eq. (41)
and rewriting the equation, one obtains
Using the following notations:
. . .
. . 
Eq. (46) is a generalized eigenequation system of r(n +1)+t orders in the unknowns ðY
It can always be converted into a standard eigenvalue formulation through the following transformation:
where ; ðk ¼ 1ð1ÞrÞ. It can be seen from the above deduction that the formations of the coefficient matrices in Eq. (47) rely on the integral matrix D besides those known functions and parameters in ODEs (27) and (28) . In the interpolating matrix method, Eq. (46) or (47) is used to solve the eigenvalue problems of ODEs (27) with the boundary conditions (28) , in which the computed error arises from the local truncated errors r It has been found that for analyzing two-point BVPs of ODEs, in addition to the same some merits as the finite difference and collocation methods, the interpolating matrix method has two distinct advantages as: (1) All functions and their derivatives appearing in the BVPs of ODEs are simultaneously obtained with the same degree of accuracy. This feature is particularly beneficial to the calculation of stress field that requires the first derivative of the displacement functions. (2) It can solve the general eigenvalue problems of ODEs and be convenient to write a general-purpose routine, since the implementary procedure has been expressed as the above unified formulations, especially for the boundary conditions Eq. (28). Moreover, all the solutions corresponding each eigenpair are also obtained with the same degree of accuracy.
According to the above formulations, a general-purpose routine called IMMEI is developed in FORTRAN, in which the interpolating matrix method is adopted to solve two-point eigenvalue problem in ODEs expressed in the form of Eqs. (27) and (28).
Numerical examples

Numerical example of solving eigenvalue problems
Before applying the above developed method to V-notch problems, a simple example is shown here to illustrate the effectiveness of the new approach. Example 1. Bending vibration of a uniform beam hinged at both ends (Fig. 5) .
The free vibration equation of the beam is d 4 YðxÞ 
where A i are amplitudes of the mode shapes.
To assess accuracy of the interpolating matrix method (IMMEI), linear and quadratic interpolation functions are used, respectively, to compute the eigenpairs. Here the interval [0, L] is divided into three uniform meshes with the number of subintervals being (n=) 20, 40 and 80, respectively. The solutions of IMMEI in the three meshes are presented to show the convergence rate of the interpolating matrix method as the number of the divisions doubly increases. Table 1 Table 1 and Figs. 6-9, the err% means the relative error defined by below:
All of the eigenpairs and their derivatives of various orders of Y i (x) are simultaneously computed by IMMEI for each mesh. Among them, the computational accuracy of the first eigensolution is highest, whose relative error is about 10 À5 shown in Table 1 and Fig. 6 when the quadratic D with n = 80 is chosen. The accuracy of the solutions is lost gradually for higher modes in the discrete model. Obviously, accuracy can be improved by increasing the number of the divisions of the discrete system. Comparatively, the accuracy using the quadratic D is very higher than one using the linear D on the same number of the divisions. Relative errors of 1st mode In addition, as an advantage of the present method, it can be seen in Table 1 Relative errors of 4th mode Fig. 9 . The computational errors of fourth mode and its derivatives of higher orders, n = 80.
Numerical examples of the V-notch problems
This section is concerned with the application of the interpolating matrix method (IMMEI) to the evaluation of the singularity orders of two-dimensional V-notched problems. In the following examples, the integral matrix D with quadratic interpolation and uniform division is used in the routine IMMEI.
Example 2. A V-notch of isotropic material as shown in Fig. 2. The study of the single isotropic V-notch is for the purpose of comparison. Using the sub-region accelerated Müller method, Fu and Long [12] computed a number of eigenvalues of the stress singularity orders of the V-notch problem. Here the routine IMMEI (ab. IMM) is performed to solve the ODEs, (11), (10) and (9) where m = 0.3 and the opening angle a varies from 0°to 170°. In fact, the computed eigenvalues for the V-notch of a homogeneous isotropic material are independent to Poisson's ratio, while the displacement eigenfunctions and m are related. For each given a, interval [h 1 , h 2 ] are divided into three uniform meshes with n = 20, 40 and 80, respectively, where the interval implies a circle arc from h 1 to h 2 with a radius q at the V-notch tip. The newly computed results are given in Tables 2 and 3 , where n is the number of the divisions within interval [h 1 , h 2 ]. The eigenvalues k are usually complex and are expressed by k k = n k +ig k where i ¼ ffiffiffiffiffiffiffi À1 p . Obviously, if the imaginary part g k is equal to zero, k k is real. One of the useful features of IMMEI is that all the small eigenvalues beyond n k P À1 and their eigenvectors are determined simultaneously. Notice that k k = À1 is always a four-time repeated eigenvalue for all of the two-dimensional V-notch problems. There are two different eigenvectors associated with k k = À1. When the two eigenpairs associated with k k = À1 are introduced into Eq. (3), it can be found that the corresponding terms in Eq. (3) represent two components of the rigid translation of the structures. Thus, this special eigenvalue is not included in Tables 2  and 3 . In addition, another component of the rigid translation is referred to the term of k k =0 in Eq. (3). Table 2 lists the eigenvalues related to the symmetrical displacement (mode I) eigenfunctionũ q ðhÞ and Table 3 lists those related to the anti-symmetrical displacement (mode II) eigenfunctionũ q ðhÞ. In the case a =60°, the results of Ref. [26] were obtained using the special FEM by means of three leading terms of the analytical constrains of the stress field, where the half of the notch structure, due to symmetry conditions, was discretized with 152 six-node triangular elements. Tables 2 and 3 show that the eigenvalues obtained using the present method approach the results of Ref. [12] as n increases. In the tables, the two eigenvalues in the range of À1<k k < 0 for n = 40 have converged up to the fourth significant figure. It is found that there exists either one or two real eigenvalues when 0 6 a < 180°for the V-notch of isotropic material. In this study, the eigenvalues whose real parts are between À1 and 0, i.e. Re(k) 2 (À1, 0), are the important parameters that are directly related to the singularity order of the stress field at the V-notch tip. In addition, some eigenvalues when Re(k) P 0 should be also considered if the near tip stress field is determined.
The highest order of singularity is À0.5 for both mode I and mode II occurring at a = 0, i.e. for a line crack. For the crack problem, all the exact eigenvalues can be predicted to be real and take À1 + 0.5k, k =0,1,2,... It is well known in the finite element analysis that the ''quarter-point" element [31, 32] at crack tip can efficiently model the singular stress field near the crack tip, in which the mid-side nodes near the crack tip are placed at the quarter point. In fact, the element at crack tip assumes the following stress mode:
which coincides with the stress field related to the first three eigenvalues À0.5, 0 and 0.5. However, it can be seen in Tables 2  and 3 that shape function Eq. (52) of the quarter-point element is no longer available to modeling the stress field near the Vnotch tips of the cases a >10°, at least, because the singularity orders here are not À0.5 and 0.5.
Example 3. A V-notch of bonded dissimilar bimaterial as shown in Fig. 3 .
The V-notch consists of two different isotropic materials and is a plane strain problem. The bonded interface lies at h = h 2 . The opining angle is (h 3 À h 1 ). Poisson's ratios of the materials are m 1 = 0.167 and m 2 = 0.210, respectively. In the parametric study, E 2 /E 1 is variable. Refs. [13, 5] used Newton's iteration to calculate the stress singularities through an eigenequation derived by using complex functions. The two intervals [h 1 , h 2 ] and [h 2 , h 3 ] are divided into the same number of subintervals with equal segment in each interval. In the tables, n is the number of the divisions within each interval and k k = n k +ig k is the same meaning to Example 2. Due to the lack of exact solutions for comparisons, very fine divisions are adopted for the V-notch with E 2 /E 1 = 0.5, h 1 =0°, h 2 =90°and h 3 = 270°. The results using IMMEI with finer mesh of n = 160 are acted as Table 4 . It is seen in Table 4 that the first six eigenvalues yielded by taking n = 80 and n = 160 agree with each other up to the sixth significant figure. Thus, the computed results using IMMEI in Table 5 are obtained by taking up to n = 80 only. In general cases of the bimaterial V-notch of isotropic material, there exist two real eigenvalues in the range of À1<k k < 0. It can be seen in Tables 4 and 5 that the IMMEI solutions converge and agree well with the alternative numerical results. Thus, in Tables 4 and 5 , the solutions of IMMEI are always given to show convergence rate of the algorithm with respect to the division refinement and comparisons with the results from Refs. [13, 5] . In general, Tables  4 and 5 show that IMMEI can provide very accurate results. For instance, apart from the very small imaginary components, all the results in Table 5 obtained using IMMEI with n = 40 are converged up to the fifth significant figure. Furthermore all the associated eigenvectors are computed with the same degree of accuracy.
Example 4.
A plane V-notch of orthotropic material as shown in Fig. 10 .
The V-notch of orthotropic material is a plane stress problem. The opining angle is a. Two principal axes of the material are along q-direction and h-direction related to the polar coordinate system, respectively. E hh ,Eare the hoop and radial elastic moduli, respectively, l qh the Poisson's ratio, G qh the shear modulus. Let E hh /E= 0.0375, G qh /E= 0.1, l qh = 0.187.
Evidently, the stress singularity orders and the stress fields near the notch roots vary as the change of a. Delale et al. [33] given an analytic solution for the stress singularity orders. Pageau et al. [6] used the finite element method to achieve the numerical results for it. Here IMMEI is employed to solve the ODEs Eqs. (31) and (32) in order to determine the stress singularity orders for several different opening angles. The computed results of k 1 are shown in Tables 6 and 7 , where n is the number of the divisions. Notice that even if a > 180°, there exist the stress singularity orders within k i 2 (À1, 0) for the orthotropic material. In fact, the number of the stress singularity orders within k i 2 (À1, 0) increases as the decrease of the opening angle a. When a = 0, the number of k i within (À1, 0) is maximum, where there are five stress singularity orders for the above values of the material parameters. And the first five stress singularity orders, k i , are all real roots in the case as Note: n 3 =0,g 3 = 0 for all of the above models.
Table 5
The eigenvalues of the V-notch with h 1 =0°, h 2 =90°, h 3 = 270°E
2 /E 1 Ref. [5] Ref. [13] IMMEI shown in Table 7 .InTable 6, it is seen that the computed k 1 using IMMEI with n = 80 are converged up to the sixth significant figure in contrast to the results of IMMEI with n = 160 and Refs. [33, 6] . In addition, all the associated eigenvectors are achieved with the same degree of accuracy. As a result, the angular distribution functionsũ q ðhÞ,ũ h ðhÞ,rðhÞ,r hh ðhÞ and r qh ðhÞ associated with k 1 when a = 180°and taking n = 80 are plotted in Figs. 11 and 12 , respectively. It is seen in Fig. 12 that the stress angular distribution functions using IMMEI are in good agreement with ones from Ref. [33] . 
Conclusions
By assuming an asymptotic stress field, the governing differential equations of linear elasticity in the notch tip region were transformed into a general eigenvalue problem of ordinary differential equations (ODEs), the solution of which provided the singularity orders at plane V-notch tips. The interpolating matrix method was further developed to solve the general eigenvalue problem. One of the unique features of the interpolating matrix method is that the method takes y k0 ; y 1(1)r) , as the fundamental unknowns of the algebraic equation system after discretization, which include the highest derivatives of all functions appearing in the fundamental equations. According to the formulations of the interpolating matrix method, the new solver called IMMEI was developed in FORTRAN, which is adopted to solve the general eigenvalue problem in ODEs. By following the solution procedure, the main singularity orders of plane V-notches are calculated from solving the eigenvalue problems of the ODEs. In parallel, the associated eigenvectors of the displacement and stress fields near the V-notches are also determined.
The applications of the present method in terms of determining the stress singularities for general plane V-notch problems have the following features: (1) The number of wedges can be arbitrary; (2) Each wedge can be any kind of anisotropic materials; (3) Each wedge angle can be arbitrary; (4) The boundary conditions of the V-notch can be free-free, free-fixed and fixed-fixed; (5) All of the useful main stress singularity orders and the associated eigenvectors are simultaneously obtained by implementing the interpolating matrix method to the governing ordinary differential equations (ODEs) of V-notches, because the ODEs and the derived algebraic eigenequations are linear. One obvious advantage is that the solutions of each eigenvalue and the associated eigenfunctions as well as their derivatives are simultaneously computed with the same degree of accuracy. Especially, these accurate eigenvectors and their derivatives near the V-notch tip are needed in the analysis of the near tip stress field and the notch stress intensity factors.
Numerical examples have been given to show the applications of the present method. Comparisons with the results in the literatures were made and have shown that the new method is an effective and accurate tool for dealing with singularity orders of general plane V-notches.
